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Since late 2008, when short-term interest rates reached their
zero lower bound, central banks have been conducting monetary
policy through two primary instruments: quantitative easing (QE),
in which they buy long-term government bonds and other long-term
securities, and so-called forward guidance, in which they guide market
expectations about the path of future short rates. Because QE alters
the maturity structure of the government debt that is available to the
public, it changes the amount of duration risk that market participants
must bear, thereby affecting bond risk premiums and long-term
interest rates. Forward guidance may also affect long rates because
it contains information about the central bank’s willingness to keep
short rates low in the future.

Although the term forward guidance is normally used in reference
to central bank policy on future short rates, QE operations typically
involve some forward guidance, as well. This is because announcements
that the central bank will purchase long-term securities are made
well in advance of the actual purchases, which are spread out over
a period of months or years. For example, on 18 March 2009, the
Federal Open Market Committee (FOMC) announced that to “help
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improve conditions in private credit markets,” the U.S. Federal Reserve
(the Fed) would increase the scale of its previously announced asset
purchase program from US$600 billion to US$1.75 trillion and that
these purchases would be carried out over the next six to twelve
months. At the same time, the FOMC provided forward guidance on
short rates, stating that it “anticipates that economic conditions are
likely to warrant exceptionally low levels of the federal funds rate
for an extended period.” The impact of announcements such as these
on the yield curve has been substantial. Following the March 2009
announcement, for example, ten-year zero-coupon Treasury yields fell
by 51 basis points over the course of two days.

How should forward guidance on short rates and forward
guidance on QE be reflected in the yield curve? Policymakers have
taken the implicit view that forward guidance on short rates is easy
to interpret. If the expectations hypothesis of the yield curve holds,
then the expected future path of short rates coincides with the curve
of instantaneous forward rates. Forward guidance on QE is inherently
more difficult to assess, however, because it depends on how future
bond risk premiums change in response to QE and how these changes
are incorporated into current bond prices. For example, suppose that
market participants believe the central bank plans to acquire large
amounts of long-term government bonds, but then plans to sell these
bonds in five years. How should these beliefs affect long rates today?
What if the market revises its expectations about how long the central
bank will maintain its elevated holdings of long-term bonds?

To make these questions concrete, consider the so-called taper
tantrum of May—June 2013, a period in which market participants
feared that the Fed might reduce the pace of future bond purchases.
On 22 May 2013, Federal Reserve Chairman Ben Bernanke testified
in front of Congress that the Fed would slow or “taper” its QE program
if the economy showed signs of improving. Within a week, yields of
ten-year government bonds had increased by 21 basis points. On 19
June 2013, bond yields increased further following a Federal Reserve
press conference, as markets feared an end to the Fed’s balance-sheet
expansion.

Figure 1 shows the evolution of the zero-coupon Treasury yield
curve between 21 May and 28 June 2013 (nine days after the Fed's
press conference). The peak increase in yields occurred at a maturity
of seven years, where the yield to maturity increased by a total of 60
basis points. The peak increase in forward rates occurred at five years
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to maturity: the one-year yield four years ahead increased by over 100
basis points between the two dates. The change in forward rates was
large even as far as ten years into the future.

How should we interpret the yield curve changes in figure 1?
Were they mainly driven by market participants’ revised expectations
about the path of future short rates? If so, then under the expectations
hypothesis of the yield curve, expectations were revised the most about
short rates five years into the future, and revisions were significant
even over a ten-year horizon. Were the changes in the yield curve
instead driven by expectations about future purchases of long-term
bonds by the Fed? If so, then over what horizon did expectations have
to change to generate the observed yield curve changes?

Figure 1. Changes in U.S. Yields and Forwards during the
2013 Taper Tantrum?

A.Yields B. Change in yields
% %
5.0 1.25
4.0 1.00
20 —— 0.75
X o ——
0.50 e T—
2.0 -
05| /
5/21/2013 ‘
1.0 s
— ——-6/28/2013 0.00
0.0 -0.25
0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
C. Forward D. Change in forwards
Yo %
5.0 1.25
40 == 1.00 ~
0.75 7N
3.0 / \
0.50 N
2.0 / N
0.25 ~_ _
10 ——— 5/21/2013 000 £ —_—
— ——- 6/28/2013 :
0.0 -0.25
0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
Maturity (years) Maturity (years)

a. Panels A and C plot zero-coupon Treasury yields and one-year forward rates before and after the taper
tantrum (21 May to 28 June 2013). Panels B and D plot cumulative changes during the taper tantrum. Yields
and forward rates are computed using the continuously compounded yield curve fitted by Gurkaynak, Sack, and
Wright (2007).



14 Robin Greenwood, Samuel G. Hanson, and Dimitri Vayanos

In this paper, we build a no-arbitrage model of the yield curve that
allows us to characterize and compare the effects of forward guidance
on short rates and forward guidance on QE. Among other results, we
show that forward guidance on QE tends to affect longer maturities than
forward guidance on short rates, even when expectations about bond
purchases by the central bank concern a shorter horizon than expectations
about future short rates. Using our model, we interpret reactions of the
U.S. yield curve to policy announcements during the QE period.

Our model builds on Vayanos and Vila (2009) and Greenwood
and Vayanos (2014). There is a continuum of default-free, zero-
coupon bonds that are available in positive supply. For simplicity, we
consolidate the central bank and the fiscal authority, so that the only
relevant quantity is the supply of bonds that must be held by the
public. The marginal holders of the bonds are risk-averse arbitrageurs
with short investment horizons. These arbitrageurs demand a risk
premium for holding bonds, because of the possibility that unexpected
shocks will cause the bonds to underperform relative to the short rate.
In accordance with a long line of research on the portfolio-balance
channel (Tobin, 1958, 1969), declines in bond supply lower the amount
of duration risk that is borne by arbitrageurs, reducing bond risk
premiums and raising bond prices.

Relative to previous work, our key theoretical innovation is that
we allow for news about both the future path of short rates and the
future supply of bonds. Specifically, the short rate in our model evolves
stochastically. However, holding fixed the current level of the short
rate, we also allow for shocks to the expected path of future short
rates. Similarly, the supply of bonds evolves stochastically, but holding
current supply fixed, we also allow for shocks to the expected path of
future supply. Shocks to the expected path of future short rates and
future supply can be interpreted as policy announcements that provide
forward guidance on these variables.

After deriving the equilibrium yield curve, we describe the impact
of forward guidance. Forward guidance on short rates in our model
works through the expectations hypothesis. Suppose, for example,
that arbitrageurs’ expectation of the short rate three years from now
declines by 100 basis points. This is reflected directly in a 100 basis
points decline in the instantaneous forward rate three years from
now. The expectations hypothesis describes the effects of shocks to
expected future short rates because these shocks do not affect the
positions that arbitrageurs hold in equilibrium and hence do not affect
bond risk premiums.
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Forward guidance on supply works through expected future bond
risk premiums. Suppose, for example, that the central bank announces
that it will buy ten-year bonds one year from now. After the purchase
occurs, arbitrageurs will be holding a smaller position in ten-year bonds
and be bearing less duration risk. Hence, the premium associated with
that risk will decrease and bond prices will increase. The anticipation
of this happening in one year causes an immediate rise in the prices
of all bonds with maturity longer than one year. The price increase
is not confined to the bonds that the central bank announces it will
purchase; in fact, other bonds may be more heavily affected. This is
because—as in Vayanos and Vila (2009) and Greenwood and Vayanos
(2014)—supply effects operate not locally, but globally through changes
in the prices of risk.

Announcements about expected future short rates have a hump-
shaped effect on the yield and forward-rate curves, because neither
current short rates nor expected short rates far in the future are
affected. The location of the hump on the forward-rate curve coincides
with that in expected future short rates because of the expectation
hypothesis.

Announcements about future supply can also have a hump-
shaped effect on the yield and forward-rate curves. The impact of a
supply shock on a bond'’s yield is the average of the shock’s effect on
the bond's instantaneous expected return over the bond's lifetime.
When comparing the effect across bonds of different maturities, there
are two opposing forces. On one hand, the supply shock has a larger
impact on the current expected return that arbitrageurs require to
hold the longer-term bond. On the other, if the shock is expected to
revert quickly, required returns are expected to remain elevated over a
larger portion of the shorter-term bond’s life. The combination of these
effects means that a supply shock that is expected to revert quickly has
a hump-shaped effect on the yield curve. Moreover, the more quickly
the shock is expected to revert, the shorter is the maturity where the
hump is located. If the shock is expected to revert slowly, its effect
is increasing with maturity (that is, the hump is located at infinity).

A key difference between shocks to future supply and shocks to
future short rates is that the former can affect yields and forward
rates at maturities much longer than the time by which the shocks
are expected to die out. Likewise, the humps on the yield and forward-
rate curves associated with supply shocks typically occur at maturities
longer than those associated with short-rate shocks, even when the
former are expected to revert more quickly. Consider, for example, the
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impact of a supply shock on the one-year forward rate in nine years.
We show that it can be written as the sum of the shock’s impact on
the difference between expected returns on ten- and nine-year bonds
over the next year, plus the impact on the difference between expected
returns on nine- and eight-year bonds over the year after, and so on.
Even a temporary shock can have a significantly larger effect on the
current expected return on ten-year bonds relative to nine-year bonds,
thereby affecting the one-year forward rate in nine years.

After developing the theoretical results, we reexamine the
empirical evidence on QE announcements in the United States.
Existing studies of QE compute changes in bond yields around major
policy announcements in the United States and elsewhere. We add to
these studies by computing changes in forward rates along the entire
curve and considering a large set of announcement dates. We show that
the cumulative effect of all expansionary announcements up to 2013
was hump shaped with a maximum effect at the ten-year maturity for
the yield curve and the seven-year maturity for the forward-rate curve.
Explaining this evidence through changing expectations about short
rates would mean that expectations were revised the most drastically
for short rates seven years into the future, while revisions one to four
years out were much more modest. This seems unlikely. On the other
hand, the evidence is more consistent with changing expectations
about supply: according to our model, the maximum revision in supply
expectations would have to be only one year into the future.

Our findings accord nicely with those of Swanson (2015), who
decomposes the effect of FOMC announcements from 2009 to 2015 into
a component that reflects news about the future path of short rates
(forward guidance) and a component that reflects news about future
asset purchases (QE). Consistent with our model, Swanson (2015) finds
that both QE-related and forward-guidance-related announcements
have hump-shaped effects on the yield curve. Moreover, the hump for
the former announcements occurs at a longer maturity than for the
latter: QE announcements have their largest impact at around the
ten-year maturity, while forward-guidance announcements have their
largest impact at two to five years.

Our paper builds on a recent literature that seeks to characterize
how shocks to supply and demand affect the yield curve (Vayanos and
Vila, 2009; Greenwood and Vayanos, 2014; Hanson, 2014; Malkhozov,
and others, 2016). It is also related to a number of event studies that
analyze the behavior of the yield curve and prices of other securities
around QE-related events. Modigliani and Sutch (1966), Ross (1966),
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Wallace (1967), and Swanson (2011) study the impact of the 1962—
1964 Operation Twist program. More recent event studies of QE in
the wake of the Great Recession include Gagnon and others (2011),
Krishnamurthy and Vissing-Jorgensen (2011), D’Amico and others
(2012), D’Amico and King (2013), Mamaysky (2014), and Swanson
(2015) for the United States, and Joyce and others (2011) for the
United Kingdom.!

The paper proceeds as follows. Section 1 presents the model.
Section 2 derives the equilibrium yield curve. Section 3 describes
the impact of announcements on the yield and forward-rate curves.
Section 4 reexamines the empirical evidence on QE in light of our
model. Section 5 concludes.

1. MobEL

The model is set in continuous time. The yield curve at time
t consists of a continuum of default-free zero-coupon bonds with
maturities in the interval (0,T] and face value one. We denote by
P.® the price of the bond with maturity T at time t, and by y,® the
bond’s yield. The yield yt(f) is the spot rate for maturity t. We denote by
f-4v7 the forward rate between maturities T - At and T at time t.

The spot rate and the forward rate are related to bond prices through

P(r)
y© = _log P, 1)

t
T

(1)
lOg( (j— ) \]
(1-A 1,1) - _ Pt i (2)

ft AT

respectively. The short rate is the limit of yt(f) when t goes to zero, and
we denote it by r. The instantaneous forward rate for maturity v is
the limit of -4 Y when At goes to zero, and we denote it by f. We
sometimes refer to ft(f) simply as the forward rate for maturity .

1. See also Bernanke, Reinhart, and Sack (2004) for a broader analysis of QE
programs, and Joyce and others (2012) for a survey to the theoretical and empirical
literature on QE.
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We treat the short rate r, as exogenous, and assume that it follows
the process

dr, =x,(r, -r,)dt+c,dB,,, ©)
where
dr, = «,(F-7)dt +0,dB,, )

(x,,0,,7,Kx,,6,) are positive constants, and (B, ,,B;,) are Brownian
motions that are independent of each other. The short rate r, reverts
to a target T, which is itself mean reverting. The assumption that the
diffusion coefficients (o,, o,) are positive is without loss of generality
since we can switch the signs of (B, ,, B ). We refer to T, as the target
short rate. To emphasize the distinction with r,, we sometimes refer
to the latter as the current short rate. Shocks to T, can be interpreted
as policy announcements by the central bank that provide forward
guidance on the future path of the short rate. The process of equations
(3) and (4) for the short rate has been used in the term-structure
literature (for example, Chen, 1996; Balduzzi, Das, and Foresi, 1998)
and is known as a stochastic-mean process.?

Bonds are issued by the government and are traded by arbitrageurs
and other investors. We consolidate the central bank and the fiscal
authority, so that only the net supply coming out of the two institutions
matters. This means, for example, that a QE policy in which the
central bank expands the size of its balance sheet, issuing interest-
bearing reserves (that is, overnight government debt) to purchase
long-term government bonds, is equivalent to a direct reduction in the
average maturity of government debt issued by the fiscal authority.
For simplicity, we treat the net supply coming out of the government
as exogenous and price inelastic. We do the same for the demand
of investors other than arbitrageurs, and model explicitly only the
arbitrageurs. Hence, the relevant supply in our model is that held
by arbitrageurs, and it reflects the combined effects of central bank
purchases, issuance by the fiscal authority, and demand by other
investors in the economy.

2. Although we refer to T, as the target short rate, this should be interpreted as
the central bank’s intermediate-term policy target (for example, at a one- to two-year
horizon) and not as the current operating target for the short rate (for example, the
current target for the federal funds rate set by the FOMC).
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We assume that arbitrageurs choose a bond portfolio to trade off
the instantaneous mean and variance of changes in wealth. Denoting
their time-t wealth by W, and their dollar investment in the bond with
maturity T by x.©, their budget constraint is

T e dP

0 X (r)

dw, = d‘l:+(W jx”d‘t)rdt (5)

The first term in equation (5) is the arbitrageurs’ return from
investing in bonds; the second term is their return from investing their
remaining wealth in the short rate. The arbitrageurs’ optimization
problem is

mas [Et(th )— %Vart (th)} , (6)

(1)
%) (0,71

where a is a risk-aversion coefficient.

We model the supply of bonds in a symmetric fashion to the short
rate, so as to be able to capture forward guidance on bond supply.
Specifically, we assume that the net supply coming out of the central
bank, the fiscal authority, and the other investors is described by a
one-factor model: the dollar value of the bond with maturity T supplied
to arbitrageurs at time t is

st¥ = C(1) + 6(0)P, @)

where C(t) and 6(t) are deterministic functions of T, and 3, is a stochastic
supply factor. Intuitively, it may be useful to think of B, as proportional
to the amount of ten-year bond equivalents, meaning duration-adjusted
dollars of long-term debt. See Greenwood and others (2015) for a
calculation along these lines for U.S. government debt.

The factor f, follows the process

dB, =«,(B, -B,)dt +o,dB;, (8)
where

dpB, = -x;B,dt +c;dBy, 9)
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(K ,05,K5,05 ) are positive constants, and (B t,BB ) are Brownian
motlons that are independent of each other and of (B,,,B;,). Equations
(8) and (9) are a stochastic-mean process, analogous to that followed
by the short rate r,. The assumption that the diffusion coefficients
(GB,G ) are positive is without loss of generality since we can switch
the signs of (BBJ,B ). We refer to B, as the target supply. To emphasize
the distinction Witrl B, we sometimes refer to the latter as the current
supply. Shocks to B, can be interpreted as policy announcements by
the central bank that provide forward guidance on future purchases
or sales of bonds, which in our model affect bond yields.

Since the supply factor B, has mean zero, the function g(t) measures
the average supply for maturity t. The function 6(t) measures the
sensitivity of that supply to ,. We assume that 0(t) has the following
properties.

Assumption 1. The function 6(t) satisfies
(i) f,6(0dr>0;

(ii) There exists © €[0,T) such that (1) <0 for 1<t and
0(0)>0 fort>1

Part (i) of assumption 1 requires that an increase in p, does not
decrease the total dollar value of bonds supplied to arbitrageurs. This
is without loss of generality since we can switch the sign of §,. Part
(i1) of assumption 1 allows for the possibility that the supply for some
maturities decreases when f, increases, even though the total supply
does not decrease. The maturities for which supply can decrease are
restricted to be at the short end of the yield curve. As we show in section
2, parts (i) and (ii) together ensure that an increase in , makes the
overall portfolio that arbitrageurs hold in equilibrium more sensitive
to movements in the short rate.

2. EouiLiBrRIUM YIELD CURVE

Our model has four risk factors: the current short rate r,, the target
short _rate r,, the current supply 8, a_nd the target supply_Bt . We next
examine how shocks to these factors influence the bond prices Pt(‘) that
are endogenously determined in equilibrium. We solve for equilibrium
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in two steps: first solve the arbitrageurs’ optimization problem for
equilibrium bond prices of a conjectured form, and second use market
clearing to verify the conjectured form of prices. We conjecture that
equilibrium spot rates are affine functions of the risk factors. Bond
prices thus take the form

,[Ar(r)rtm?(r)?t +Ap (OB, +A5 (OB, +C(0)|

Pt(n —e (10)
for five functions A (1), A/ (1), Aﬁ(r), Aﬁ(r), and C(t) that depend on
maturity . The functions A (t), A (1), Aﬁ(r), and Ag() characterize the
sensitivity of bond prices to the current short rate r,, the target short
rate 1., the current supply f,, and the target supply B, respectively.
Sensitivity to factori = r,7,B,B is defined as the percentage price drop

per unit of factor increase.
Substituting equation (10) into equations (1) and (2), we can write
spot rates and instantaneous forward rates as

~ A, (O, + AL (U1, + Ay (0B, + AE('C)E +C(v)

T

(1)
Yt

(11)

f7= A, (O, + A (O, + Ay (0B, + A3 (0B, +C'(0) (12)

respectively. Thus, the sensitivity of spot rates to factor i = r,7,B,B is
characterized by the function ﬂ , and that of instantaneous forward
rates by the function A, (x). 7

Applying Ito’s Lemma to equation (10) and using the dynamics of r,
in equation (3), T, in equation (4), §, in equation (8), and B, in equation
(9), we find that the instantaneous return of the bond with maturity tis

dP(r) (13)

P(t” =u\Vdt - A, (V)o,dB, , - A.(1)o.dB; , - Aj(v)o,dBy,
! - A;(0)odB;,
where
w? = A (Or, + A, (U7, + Ay (0B, + A (0B, +C'(x)
+A, (0K, (1, - 1) + A, (O, (7, - 1) + A (O, (B, - B,) + A; (‘L‘)KBBt (14)

%Ar(r)%f +%AF(1:)2G§ +%Aﬁ(t)20§ +%Aﬁ(r)20%
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denotes the instantaneous expected return. Substituting bond returns
(equation 13) into the arbitrageurs’ budget constraint (equation 5), we
can solve the arbitrageurs’ optimization problem (equation 6).

Lemma 1 The arbitrageurs’ first-order condition is
w —r = AN, + A (Dhy, + A (DA, + Az(D)g, (15)
where fori=r,7,B,B,
Ay, = ac?[ %P A (Ddx (16)

According to equation (15), a bond’s instantaneous expected return
in excess of the short rate, ut(T)— r., is a linear function of the bond’s
sensitivities A, (1) to the factors i = r,r,B, B . The coefficients A;  of the
linear functlon are the prices of risk associated with the factors they
measure the expected excess return per unit of sensitivity to each
factor. Although we derive equation (15) from the optimization problem
of arbitrageurs with mean-variance preferences, this equation is a
more general consequence of the absence of arbitrage: the expected
excess return per unit of factor sensitivity must be the same for all
bonds (that is, independent of t); otherwise it would be possible to
construct arbitrage portfolios.

Absence of arbitrage imposes essentially no restrictions on the
prices of risk or on how they vary over time t and how they depend
on bond supply. We determine these prices from market clearing.
Equation (16) shows that the price of risk A; , for factor i=r,r,B,p at
time t depends on the overall sensitivity OTxf)Ai(r)dr of arbitrageurs’
portfolio to that factor. Intuitively, if arbitrageurs are highly exposed
to a factor, they require that any asset they hold yields high expected
return per unit of factor sensitivity. The portfolio that arbitrageurs
hold in equilibrium is determined from the market-clearing condition
x? =g (17)
which equates the arbitrageurs’ dollar investment x,®in the bond with
maturity © to the bond’s dollar supply s,®. Substituting u,® and x,0
from equations (7), (14), and (17) into equation (15), we find an affine
equation in r,, T,, B, and B,. Setting linear terms in r,, 7, f,, and B, to
zero yields four ordinary differential equations (ODEs) in A (), A.(1),



Forward Guidance in the Yield Curve 23

A, and Ag(), respectively. Setting constant terms to zero yields an
additional 8DE in C(t). We solve the five ODEs in theorem 1.

Theorem 1. The functions A (1), A(t), A;(r), and Az(t) are given by

Aw=17¢", (18)
Kr
A=k, [A e gy dme Tmedoe 1) (19)
0 K- (k- —%,)
AV =2, LE- P LR ¢ S A lj
Y172 Y172
+Z, e BT AN ¢ Sl. el e_K’T] (20)
Y1~ Ye Y1~ Y2
AR Pl P eK’TJ
Y1~ Ve Y1~ 72
and
T —x=(1-1")
A =k, [ Ajhe P (21)
respectively, where
o’ o2l
5 e e
Z, = > : 27 ' (22)
K5k, —Kzacyl, —kgacsl;
o’l ol
(i, - Kﬁ)a Zror o PF0F
K. —K
Z = r r r , (23)
2 Kf -K, (KE +ic, - aGEIB) + KKy — KEGGEIB - KBaCY%IE
K, (K; —K;)
e, 1)
Z, = Sy s , (24)

2 2 2 2
K; — k(5 + Ky —aoply) + kg, —xgac,l; —xacyly

I, = [[A (@6(dr, (25)
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I = [ A (08(0dx - (26)

(v4, v,) are the solutions of the quadratic equation

N (kg + x5 - acélﬁ) +KgKp — KBacsﬁIB - KBaG%IB =0, (27)

and (I, I5) solve the system of equations

T
I, = [ A,(0B()dx (28)
I = [ A;(06(Ddx (29)

in which the right-hand side is a function of (Z;, I;) through equations
(20) to (27). A solution to the system of equations (28) and (29) exists
if a is below a threshold a > 0. The function C(t) is given by equation
(A.16) in appendix A.

As in Greenwood and Vayanos (2014), an equilibrium with affine spot
rates may fail to exist, and when it exists there can be multiplicity.
Equilibrium exists if the arbitrageurs’ risk-aversion coefficient a
is below a threshold a > 0. We focus on that case and select the
equilibrium that corresponds to the smallest value of I,. When a
converges to zero, that equilibrium converges to the unique equilibrium
that exists for a= 0.

3. SHocks 1o THE YIELD CURVE

In this section, we examine how shocks to the four risk factors
r,r,B,B affect the equilibrium yield curve. We start with a numerical
example that illustrates the main results. We then return to
the analysis of the general model and provide more complete
characterizations and intuition.

3.1 Numerical Example

Table 1 summarizes the parameters used in our baseline
numerical example. While we attempt to choose realistic values for
the parameters, the example’s main purpose is to illustrate general
properties of the effects of the shocks rather than to provide exact
guantitative estimates.
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Table 1. Parameters for Baseline Numerical Example

Parameter Value
k.. Rate at which short rate r, reverts to target short rate r, 1.3
o, Volatility of shocks to short rate r, 1.65%
k. Rate at which target short rate T, reverts to long-run mean 0.2
o;. Volatility of shocks to short rate T, 2.15%
K, Rate at which supply factor f,reverts to target supply Et 2.5
0 Volatility of shocks to supply factor B, 0.18
K5 Rate at which target supply B, reverts to long-run mean 0.25
op: Volatility of shocks to supply factor B, 0.18
T: Maximum bond maturity 20

a: Arbitrageur risk aversion 1.65

We choose values for x, o,, x;, and o, to match four time-series
moments of the short rate. For the purposes of this exercise, we
identify the short rate with the one-year nominal yield and use
monthly data from June 1961 to September 2015 (from Gurkaynak,
Sack, and Wright, 2007). We match the variance (y/Var(r,) = 3.33%),
the one-month autocorrelation (Corr(r,, r,_,,,,)=0.99), the one-year
autocorrelation (Corr(r,, r,_,)=0.86), and the three-year autocorrelation
(Corr(r,, r,_5)=0.59). This yields k. = 1.3, 0, = 1.65%, x; = 0.2, and o,
= 2.15%. Under these values, 90 percent of the total variance of the
short rate is driven by persistent shocks to the target short rate.2 The
half-life of the shocks to the target short rate is 3.46 years (=log(2)/ x.)
whereas the half-life of the shocks to the current short rate is only
0.53 years (=log(2)/x,).

We choose the values of the remaining parameters to capture
aspects of the Fed's QE program. We assume that the 6(t) function
(which characterizes the sensitivity of the dollar SlTJppIy of the bond
with maturity t to the supply factor p,) satisfies IO 0(t)dt = 0. Under
this assumption, changes in f, do not alter the total value of bonds
that arbitrageurs hold in equilibrium, but affect only the duration of

2 2
O, K.O=
L +——rT  The second term

3. The variance of the short rate is Var(r,) =
K, 2K:(K, + K5

in this expression corresponds to the part of the variance that is driven by shocks to
the target short rate.
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their portfolio. For simplicity, we assume that 6(t) depends linearly on .
This yields the specification

27
9(‘[) (1 - ?}

We normalize 6, to one, which is without loss of generality because
only the product 6(t)B, matters in the definition of the bond supply.

We choose values for k; and k; to match plausible market
expectations about the persistence of the Fed’s balance-sheet
operations. We assume that the Fed’s initial announcement of large-
scale asset purchases in 2008 and 2009 led market participants to
expect a large reduction in the bond supply over the next twelve
months and a gradual increase in supply thereafter. Accordingly, we
choose x, and x; so that the change in the expected supply factor
E.(B,.,) at time t+t following a shock to target supply B, at time t
is maximum after one year (t = 1) and decays to 50 percent of the
maximum after the next three years (t = 4). This yields Ky=25 and
Ky =0.25. In section 3.5 we examine the sensitivity of our results to a
smaller value of Kg under which the effect of a B, shock on expected
supply is maximum after a period longer than one year.

We assume that a unit shock to B, corresponds to the announcement
of a QE program that will reduce bond supply by US$ 3 trillion of ten-
year bond equivalents. This is without loss of generality because it
amounts to a renormalization of the monetary units in which supply
is measured. Figure 2 plots the change in the expected supply factor
E(B,.,) at time t+t following a unit shock to B, at time t. This change,
which we denote by A E, (B,,.), is a hump-shaped function of T under
any parameter values. Indeed, the effect of the B, shock on E,(B,,.), is
small for small t because the shock does not affect B,, increases with
T as E(f,,,) catches up with the new value of B,, and decreases again
to zero because B, mean reverts. Under our chosen values for K, and
k5, the hump occurs after one year, and the function reaches half of
its maximum value after the next three years.

The change A - E, (7,,,) in the expected short rate E(r,, ) following a
unit shock to T, is similarly hump shaped. Under our chosen values for
k. and «, the hump occurs after 1.7 years. This is because we assume
that supply shocks are less persistent than shocks to the short rate.
The mean-reversion parameter for supply shocks is larger than for
short-rate shocks both when comparing shocks to current supply f,
and the current short rate r, (x,> «x,) and when comparing shocks to
the target supply B, and the target short rate T, (K > K,)
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Figure 2. Model-Implied Path of QE in Ten-Year Bond
Equivalents
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We set 0,= o =0.18. Under these values, the volatility . [Var(B,) of
the supply factor is 0.25. We can compare this quantity to the change
AE,(B,,.) in the expected supply factor following a unit shock to B,.
This change is 0.75 after one year (A E,(B,,,) = 0.75), which is three
times the standard deviation of .. Thus, a unit shock to B, is a rare
and large shock to expected future supply, consistent with it being a
QE program undertaken in a crisis.

Our final parameter is the arbitrageurs’ risk-aversion coefficient
a, and we choose its value to match the price effects of supply shocks.
As noted by Greenwood and others (2015), the Fed’'s combined QE
policies from late 2008 to mid-2014 cumulatively reduced the ten-
year bond equivalents available to investors by roughly US$3 trillion.
Following the meta-analysis of studies examining the impact of QE
announcements in Williams (2014), we assume that an announced
purchase of US$500 billion ten-year bond equivalents reduces ten-
year yields by 25 basis points. This suggests a total price impact for
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all QE announcements of 1.50 percent. Therefore, the value of a must
be such that A; (10)/10=1.50%. This yields a=1.65.4 3

Figure 3 plots the effects of shocks to the four risk factors r,r,j, 3
on the equilibrium yield curve and the forward-rate curve. There are
four plots, each describing the effect that a unit shock to one of the
factors has on the yield and forward-rate curves, holding the remaining
factors constant. Recall from equations (11) and (12) that the effect of

a unit shock to factor i = r,7,B,p on the yield for maturity < is 4, ,

and the effect on the forward rate for that maturity is A'(t). Plot'fing
these functions reveals the footprint that shocks to factor i leave on
the yield and forward-rate curves.

We make three observations regarding figure 3. First, an increase
in any of the factors raises all yields and forward rates. Thus, yields
and forward rates for any maturity move up in response to increases
in the current and the target short rate. They also move up in response
to increases in current and target supply.

Second, the effect of shocks to factors other than the current short
rate is hump shaped with maturity. Figure 3 thus suggests that policy
announcements by the central bank that provide forward guidance
on the short rate or on balance-sheet operations should have hump-
shaped effects on the yield and forward-rate curves. This is consistent
with the evidence on the taper tantrum presented in the introduction.

The third observation suggests a way to differentiate between the
two types of forward guidance. The hump for shocks to target supply
B, occurs at a much longer maturity than for shocks to the target
short rate 1,: 11.5 years versus 3.3 years for the yield curve, and 6.4
years versus 1.7 years for the forward-rate curve. This result cannot
be attributed to supply shocks being more persistent than shocks to
the short rate: in our baseline numerical example, they are actually
less persistent. Figure 3 thus suggests that hump-shaped effects of
forward guidance are more likely to concern guidance on supply rather
than on the short rate when the hump is located at longer maturities.

4. In principle, one could use the simulated method of moments to estimate
the parameters of our model. The parameters that govern the short-rate process
(x,,0,,%-,0;) (could be identified as above by matching time-series moments of
short rates. The parameters that govern the bond supply process (KB,GB,KE,GB) and
arbitrageur risk aversion (a) could be identified by matching time-series moments of
long-term bond yields of various maturities and the excess returns on long-term bonds.
We do not pursue this approach because the supply and demand shocks that have driven
bond risk premiums over the past decades may have been of a different nature from
the supply shocks generated by the Fed's QE policies since 2008.
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Figure 3. The Effects of a Unit Shock to Each of the Four

Risk Factors r,7,p, on the Equilibrium Yield Curve and
Forward-Rate Curve?
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the effect Ai on the yield curve, and the dashed line represents the effect A’l (1) on the forward-rate curve.
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Figure 3 accords nicely with the empirical findings of Swanson
(2015), who decomposes the effect of FOMC announcements from
2009-15 into a component that reflects news about the future path
of short rates (forward guidance) and a component that reflects news
about future asset purchases (QE). Swanson (2015) finds that both
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QE-related and forward-guidance-related announcements have hump-
shaped effects on the yield curve. Moreover, QE announcements ( B,
shocks in our model) have their largest impact at around the ten-year
maturity, while forward-guidance announcements (r, shocks) have
their largest impact at two to five years.

In the remainder of this section, we show that these three
observations hold more generally, and we explain the intuition behind
them. Section 3.2 analyzes shocks to the current and the target short
rate. Section 3.3 analyzes shocks to current and target supply. Section
3.4 compares the footprints left by shocks to target supply and shocks
to the target short rate. Section 3.5 examines how the effects of the
shocks depend on various parameters of the model.

3.2 Shocks to the Current and the Target Short Rate

Shocks to the current and the target short rate do not affect bond
risk premiums in our model. This is because premiums depend only on
the positions that arbitrageurs hold in equilibrium, and these depend
only on the supply factor B,. Since these shocks do not affect risk
premiums, their effects on yields and forward rates are only through
expected future short rates, and they are fully consistent with the
expectations hypothesis. That is, the changes in forward rates caused
by these shocks are equal to the changes in expected future short rates.

Proposition 1. The expectations hypothesis holds for shocks to the
current and the target short rate.

* Consider a unitshock to the current short rate r, at time t, holding
constant the remaining risk factors (7, , f,, B,) . The change 4’ (1)in
the forward rate for maturity v is equal to the change A E (r, ) in
the expected short rate at time t + .

* Consider a unit shock to the target short rate I, at time t, holding
constant the remaining risk factors (r,, f,, B,). The change A(1)in
the forward rate for maturity t is equal to the change AE(r,, )
in the expected short rate at time t + <.

Using proposition 1, we next determine how the effects of shocks
to the current and the target short rate depend on maturity. The effect
of shocks to the current short rate r, decreases with maturity and is
hence strongest for short maturities. Indeed, because r, mean reverts,
the effect of shocks to r, on the expected future short rate E(r, ,.) is
largest in the near future, that is, for small t. The same applies to the
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forward rate because of proposition 1. On the other hand, the effect
of shocks to the target short rate T, is hump shaped with maturity
and is hence strongest for intermediate maturities. Indeed, the effect
of shocks to T, on the expected future short rate E(r,, ) is small for
short maturities because the shocks do not affect 7,, increases with
maturity as E(r, , ) catches up with the new value of ¥, and decreases
again to zero because T, mean reverts. These results hold both for the
yield curve and the forward-rate curve, and are consistent with our
baseline numerical example.

Proposition 2. The following results hold for both the yield curve
and the forward-rate curve.

* An increase in the short rate r, moves the curve upward. The
effect is decreasing with maturity, is equal to one for T = 0, and to
zero for t — .

* An increase in the target short rate r, moves the curve upward.
The effect is hump shaped with maturity and is equal to zero for
t=0andt— .

3.3 Shocks to Current and Target Supply

Shocks to current and target supply affect yields and forward rates
only through bond risk premiums. Proposition 3 expresses the effects
of the shocks on a bond’s price as an integral of risk premiums over
the life of the bond.

Proposition 3. The effects of supply shocks can be expressed as
follows.
 Consider a unit shock to current supply B, at time t, holding

constant the remaining risk factors (r,, 7,, B,)- The time-t instantaneous
expected return of the bond with maturity T changes by

URP(1) = ac;A, (D1, + aci A, (DI + acy Ay (DI + ac3A;(DI;  (30)
The bond’s price change in percentage terms is
Ay(0) = [ URP(t-1)AE,B,, . )dx (31)

where AﬁEt(Bm.) is the change in the expected supply factor E,(,,..)
attimet+-+'.
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* Consider a unit shock to target supply [_St at time t, holding
constant the remaining risk factors (r,, 7, B, ). The percentage price
change of the bond with maturity t is

A () = [URPG:-)AE,B,, . )dv 32)

where AEEt([:’)HT.) is the change in the expected supply factor
EB;,.) attimet+7.

A unit shock in current supply changes the instantaneous expected
return of the bond with maturity T by a quantity that we denote
URP(t). This is the unit risk premium that is a required compensation
for risk resulting from a unit increase in supply. The unit risk premium
for the bond with maturity < is the product of the arbitrageurs’ risk-
aversion coefficient a times the change in the bond’s instantaneous
covariance with the arbitrageurs’ portfolio. The covariance changes
in response to the supply shock because arbitrageurs change their
portfolio in equilibrium. The unit risk premium URP(z) is small for
bonds with short maturity t because these bonds have small price
sensitivity to the risk factors. As maturity increases, price sensitivity
increases and so does URP(7).

The impact of a shock to current or target supply on a bond’s
price derives from its effect on risk premiums over the life of a bond.
If, for example, the risk premiums increase, then the price decreases.
Equations (31) and (32) make this relationship precise by expressing
the effect of a unit supply shock on the percentage price of a bond
with maturity T as an integral of unit risk premiums over the bond’s
life, that is, from t to t + t. The risk premium corresponding to time
t + ©', when the bond reaches maturity t — 7', is proportional to the
unit risk premium URP(t - 1'). Since URP(t —t') corresponds to a unit
increase in the supply factor at t + ©', we need to multiply it by the
actual increase in the expected supply factor. This is A[SEt(Bt L) N
the case of a shock to current supply and DEBys o) in the case of a
shock to target supply.

Using proposition 3, we next characterize more fully the effects
of shocks to current and target supply: the sign of the effects and
how they depend on maturity. As for our analysis on short rates, the
results are the same whether we are looking at the yield curve or the
forward-rate curve. For the formal propositions that we show in the
rest of this section, we assume o = 0, hence interpreting shocks to f, as
unanticipated and one-off. However, these formal results are consistent
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with our baseline numerical example and with other examples that
we have explored, all of which assume o; > 0.

As in Greenwood and Vayanos (2014), an increase in current
supply B, moves the yield curve upward. Moreover, this occurs even
though assumption 1 allows for the possibility that the supply of short-
term bonds can decrease. Yields and supply for a given maturity can
move in opposite directions because—as in Vayanos and Vila (2009)
and Greenwood and Vayanos (2014)—supply effects do operate not
locally, but globally through changes in the prices of risk. Equations
(16) and (17) show that the prices of risk, A;, for i =r,T, B, #, depend
on the supply of debt adjusted by measures of duration (the price
sensitivities to the factors). An increase in the supply factor raises
duration-adjusted supply and hence the prices of risk. Risk premiums
also increase, and bond prices decrease from proposition 3. As with
B, an increase in target supply Bt in our model moves the yield curve
upward.

We next examine how supply effects depend on maturity. Equation
(31) implies that the effect of a unit shock to current supply , on the
yield of a t-year bond is

A0 [JURPG-7)x AE,@,.)d7

T T

(33)

This is an average of risk premiums over the bond's life. The
premium corresponding to time t +t', when the bond reaches maturity
tT—1',is the product of the unit risk premium URP(t —t') corresponding
to that maturity, times the increase Ay E.(B,. ) in the expected supply
factor at time t + t'.

Supply shocks have small effects on short-maturity bonds because
these bonds carry small risk premiums. This can be seen formally from
equation (33): for small maturity <, the unit risk premiums URP(t - ")
are small, as is the average in equation (33). As maturity t increases,
the average in equation (33) increases because unit risk premiums
increase. A countervailing effect, however, is that because shocks
to B, mean revert, unit risk premiums corresponding to distant
times t + t' are multiplied by the increasingly smaller quantity
Ay E.(B. ) This pushes the average down. The countervailing effect
is not present in the extreme case where there is no mean reversion
(kg = 0). In that case, the effect of shocks to B, is increasing with <, that
is, it is strongest at the long end of the term structure. In the other
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extreme case where mean reversion is high, only the terms for times
t + t' close to t matter in the average. Because unit risk premiums
increase less than linearly with < (in particular, changes to r, or T,
have a vanishing effect on spot rates for long maturities), dividing
by T makes the average converge to zero. The overall effect is hump
shaped and hence strongest for intermediate maturities. The same
result holds for shocks to Bt. The hump-shaped effects are consistent
with our baseline numerical example.

Proposition 4. Suppose that o5 > 0.An increase in current supply
B, or target supply B, moves both the term structure of spot rates and
that of instantaneous forward rates upward. The effect is equal to
zero for T = 0. For large enough values of Kg the effect is hump shaped
with maturity and is equal to zero for T — . Otherwise, the effect is
increasing with maturity.

To illustrate the effects of supply, we plot in figure 4 the functions
inside the integrals (31) and (32) in the context of our baseline
numerical example. Panel A confirms that the unit risk premium
URP(7) is equal to zero for T = 0 and increases with t. Panels B
through D plot URP(t-1'), A Et(ﬁtﬂ) and A, Et(Bt”) as a function of
T'€[0, ] for three different bonds a two- year bond (t = 2), a ten-
year bond (t = 10), and a twenty-year bond (t = 20). The function
AE (B ) is decreasing with t': because B, mean reverts, the effect of
shocks to B, on the expected future supply factor E,(B, . ..) is largestin
the near future, that is, for small t'. The function A; Et(ﬁt”) is hump
shaped, as explained in section 3.1.

In the case of the two-year bond, unit risk premiums are
small, as are the average values of URP(t — 1') x A Et([it +) and
URP(t —t') x A, Et(ﬁt”) over the interval [0,2]. Hence, supply effects
are small. In the case of the ten-year bond, unit risk premiums
are larger and so are supply effects. In the case of the twenty-year
bond, unit risk premiums are even larger, but the average values of
URP(t-1") x A E((B, . ) and URP(t - r)xA E.(B;., ) over theinterval
[0,20] are smal?er because of the decllnesmA EB, ) and Az Et(ﬁt”)
Hence, supply effects are smaller, yielding tple hump shape. Note that
the smaller supply effect on the yield of the twenty-year bond masks
a strong time variation in expected return. The bond'’s instantaneous
expected return is high (and higher than for the other bonds) in the
short term, but the effect dies out in the longer term, resulting in a
smaller average.
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Figure 4. Decomposition of the Effect of Supply Shocks
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Panel A plots the unit risk premium URP(z) . Panels B through D plot URP(t — ') (solid line), AﬁEt([ﬁlﬂ.) (dashed

line), and AﬁEt(ﬁt+r') (dotted line) as a function of 7'<[0, t] for three different bonds: a two-year bond (t = 2),a ten-
year bond (t = 10), and a twenty-year bond (t = 20).

3.4 Forward Guidance on Supply versus the Short Rate

We next compare the effects of shocks to target supply |_3t and
shocks to the target short rate T, . Interpreting these shocks as forward
guidance by the central bank, we are effectively examining whether
different types of forward guidance leave a different footprint on the
yield and forward-rate curves. For simplicity, we focus on the forward-
rate curve for the rest of this section.

In our baseline numerical example, shocks to target supply Bt have
their maximum effect at a longer maturity than shocks to the target
short rate T, . While this is the typical outcome in our model, the result
is not completely general: if the shocks to current and target supply
mean revert very rapidly, the comparison can reverse. Proposition 5
derives sufficient conditions for B, shocks to have their maximum
effect at a longer maturity than r, shocks. The proposition compares
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the location of the humps associated with two types of shocks, with
the convention that if the effect of a shock is monotonically increasing
with maturity, then the hump is located at infinity.

Proposition 5. Suppose that o; = 0. If k. > %, or k. >k, then the
hump on the forward-rate curve associated with shocks to f, is located
at a strictly longer maturity than the hump associated with shocks to T, .

Shocks to B, have their largest impact at longer maturities than
shocks to T, under the sufficient condition that the latter shocks do not
mean revert more slowly than the former shocks (. > ;). Alternatively,
T, shocks can revert more slowly than @, shocks, but then they must
not mean revert more slowly than B, shocks (k, > «;).Under either
sufficient condition, the hump associated with g, shocks occurs at a
strictly longer maturity than the hump associated with T, shocks, even
though the sufficient conditions are weak inequalities. Our baseline
numerical example shows that the comparison between the two humps
remains the same even when x; and Ky are both significantly larger
than k, . (For very large values, however, the comparison can reverse.)
Thus, the sufficient conditions in proposition 5 are not tight, and the
typical result is that shocks to target supply have their maximum
impact at longer maturities than shocks to the target short rate.

The intuition on why shocks to future supply tend to have their
largest impact at longer maturities than shocks to the future short
rate can be seen from equation (32). The impact of a Bt shock on the
forward rate for maturity t is

J.T OURP(1-1")
0 ot

where equation (34) follows from equation (32) by differentiating with
respect to T and noting that URP(0) = 0. The impact on the forward
rate can be thought of as the impact on the percentage price of the
bond with maturity T relative to the same effect for the bond with
maturity t — At. The bond with maturity < is affected more heavily
because for any given future time t + <, the unit risk premium
URP(t —1") associated with that bond is larger than the corresponding
premium URP(t — At — t') associated with the bond with maturity
T — At. The impact on the forward rate hence involves the derivative

%(T‘T’) , as equation (34) confirms. This derivative is multiplied
T

A (0= AE, B, )d (34)
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by the increase A, Et([&t”) in the expected supply factor at time
t + ', and the product is integrated from zero to .
Compare next the shock’s impact on the forward rate for maturity

T and for maturity i>t. The derivative OURP(t-1) that is present

in the integral (34) for maturity < is also preasént in the integral for
maturity 1. However, while in the former integral, it corresponds to
time t + ' and is multiplied by A; Et([:’,tﬂ) in the latter integral it
corresponds to the more distant tlme t+ 17—+t and is multiplied
by A, sEBrst ) If 1 <73, where t +7; denotes the location of the
hump of AZE (B4 o) then 5B (B sz _r10) > A5E (B, o) for all v'e[0, 7).
Therefore, the impact of a B, shock on the forward rate for maturity 1
is larger than for maturity t, which means that the shock’s maximum
impact occurs at a maturity strictly longer than t;. On the other
hand, proposition 1 implies that the maximum |mpact of an T, shock
occurs exactly at t., where t + t_ denotes the location of the hump
of ALE(r,, ). Therefore, if the shocks to T, and ;, are symmetric in
their perS|stence then [St shocks have thelr largest impact at longer
maturities than 1, shocks.

We can also compare T, and ﬁt shocks by focusing on the long end
of the term structure rather than on the hump. Proposition 6 derives
sufficient conditions for the effect of §, shocks to decay more slowly
with maturity than that of T, shocks. Under these conditions, 8, shocks
affect the long end of the term structure more than r, shocks do.

Proposition 6. Suppose that o5 > 0. If min{k, k;} > x5, then the
effect of shocks to Bt on the forward rate curve decays with maturity
at a slower rate than the effect of shocks to 7, . If min{x,, k;} >k, then
the same comparison holds and is strict.

The sufficient conditions in proposition 6 have a similar flavor to
those in proposition 5. As with proposition 5, the conditions are not
tight. Our baseline numerical example illustrates this.

3.5 Comparative Statics

Figure 5 examines how the effect of supply shocks depends on
arbitrageur risk aversion. The figure plots the effect of shocks to
current supply B, and future supply Et on the forward-rate curve
in two numerical examples: our baseline example, where the risk-
aversion coefficient a is set to 1.65, and an example with a set to 2.25
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(and all other parameters remain the same). When arbitrageurs are
more risk averse, they require a larger risk premium to accommodate
supply shocks, so the shocks have a larger impact on yields and
forward rates. Furthermore, the hump for both g, and [_St shocks
occurs at longer maturities. For example, the location of the hump
that [_:’,t shocks generate on the forward-rate curve increases from
6.4 years in the baseline example with a = 1.65 to 9.0 years when
a = 2.25. The hump occurs at a longer maturity because when
arbitrageurs are more risk averse, the unit risk premium URP(t)
increases proportionately more for long-term bonds, that is, becomes
a more convex function of t. This is because with more risk-averse
arbitrageurs, supply shocks have larger price effects, and the impact of
these shocks on long-term bonds relative to short-term bonds is larger
than that of short-rate shocks. For example, the impact of r, shocks is
characterized by the increasing function A (t), while the impact of 8,
shocks involves an integral of that function.

Figure 5. Impact of Supply Shocks on the Forward-Rate
Curve under Different Values of Arbitrageur Risk Aversion?
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where a = 2.25 and all other parameters remain the same.
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Figure 6 examines how the effect of supply shocks depends on the
shocks’ persistence. The figure plots the effect of shocks to current and
future supply on the forward-rate curve in two numerical examples:
our baseline case, where the mean-reversion coefficient k; of g, shocks
is set to 0.25, and one where K is set to 0.2 and hence shocks are more
persistent. When k;; = 0.2, the effect of a 8, shock on the expected supply
factor E,(B,,,) at time t + v peaks after 1.1 year (v = 1.1) and decays to 50
percent of the maximum after the next 3.9 years (t = 5). When shocks are
more persistent, they have a larger impact on the yield and forward-rate
curves. Furthermore, the hump for both g, and [3 shocks occurs at longer
maturities. For example, the location of the hump that [St shocks generate
on the forward-rate curve increases from 6.4 years in the baseline example,
where Kk = 0.25, to 7.6 years when k5 = 0.2. While the shift of the hump
to longer maturities may not be surprlsmg in the case of [5 shocks, whose
persistence increases, it may be more surprising in the case of g, shocks,
whose persistence does not change. The intuition for 8, shocks is that
higher persistence means that supply shocks have larger price effects,
which makes the unit risk premium URP(t) a more convex function of <.

Figure 6. Impact of Supply Shocks on the Forward-Rate
Curve under Different Values of the Shocks’ Persistence?

A. Shock to current supply: B,

0.35

03 7\\\\ —— Baseline: k3 = 0.25
7 ‘\\ — — = More persistent supply: k5 = 0.2
0.25 \\\
027 e
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0.1 el
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a. The solid lines correspond to our baseline numerical example, where the mean-reversion coefficient of shocks
to future supply is k; = 0.25; the dashed lines, to an example where k; = 0.2 and all other parameters remain
the same.
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4. REAssEsSING QE AND THE TAPER TANTRUM

Table 2 summarizes the reaction of the U.S. Treasury yield and
forward-rate curves to major QE announcements. The table shows
the two-day change in zero-coupon Treasury yields and one-year
forward rates around major policy announcements about the Fed'’s
QE operations. We use two-day changes to allow for the possibility
that market participants need time to digest news about large-scale
asset purchase programs. However, we obtain qualitatively similar
results if we restrict attention to one-day changes. We obtain U.S.
Treasury yields and forward rates using the fitted nominal Treasury
curve estimated by Gurkaynak, Sack, and Wright (2007). We use their
zero-coupon yields and compute one-year forward rates from those
yields: f 19 = 1y ®— (z—1)y . The one-year forward rates are close
to the instantaneous forward rates estimated by Gurkaynak, Sack,
and Wright (2007). We measure all variables in percentage points.

Our set of QE-related announcement dates is drawn from Fawley
and Neely (2013), who provide a comprehensive list of FOMC policy
announcements and speeches that contained major news about QE. We
classify these events based on whether the announcement contained
significant news indicating that the Fed would be expanding or
contracting its asset purchases. Many of these events contain a mixture
of news about future QE operations and the path of the short rate. For
example, the list includes the 18 March 2009 FOMC announcement
discussed in the introduction, in which the Fed announced that it was
expanding the scale of its long-term asset purchase program from
US$600 billion to US$1.75 trillion and that it intended to hold rates
at the zero lower bound for “an extended period.”

Table 2 shows the change in yields and forward rates around
each announcement date. It also shows yield and forward-rate
changes aggregated across all expansionary and all contractionary
announcements. Figure 7 plots the latter aggregates. As the table and
the figure show, both expansionary and contractionary announcements
had hump-shaped effects on both the yield and the forward-rate curve.
In the case of expansionary announcements, the hump in yields occurred
at the ten-year maturity. One-year yields dropped by 33 basis points on
aggregate, two-year yields by 52 basis points, three-year yields by 86
basis points, four-year yields by 121 basis points, five-year yields by 153
basis points, seven-year yields by 195 basis points, ten-year yields by
211 basis points, fifteen-year yields by 179 basis points, and twenty-year
yields by 144 basis points. The hump in forward rates occurred at the
seven-year maturity, with the one-year forward rate seven years into
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the future dropping by 301 basis points. In the case of contractionary
announcements, the hump in yields occurred at the seven-year maturity
and that in forward rates at the five-year maturity.

What is the most natural interpretation of these changes? According
to our model, the hump-shaped impact on yields and forward rates can
be explained either by forward guidance on the path of future short rates
or forward guidance on the path of future bond supply. Forward guidance
on short rates works through the expectations hypothesis. This means,
in particular, that following expansionary announcements, yields and
forward rates dropped because market participants revised downward
their expectations about future short rates. Moreover, expectations
dropped the most for short rates seven years into the future, with the
aggregate effect over all announcements being 301 basis points. That
market participants revised so drastically their expectations about the
short rate seven years into the future, while expectations one to four
years out were revised much more modestly, seems unlikely.

Forward guidance on supply works through expected future risk
premiums. In contrast to forward guidance on short rates, humps in the
yield and forward-rate curves that are consistent with the data could
have been the results of changes in supply expectations concerning
the near future. Indeed, in our baseline numerical example, shocks
to target supply have their largest effect at the 11.5-year maturity in
the yield curve and the 6.4-year maturity in the forward-rate curve.
Yet, these shocks have their maximum effect on expectations about
supply only one year into the future, with the effect four years out
being only half of the maximum.

Corroborating evidence on the relative role of supply and short-
rate expectations in driving the effects of QE comes from the work
by Adrian, Crump, and Moench (2013). These authors construct
a methodology for decomposing yields and forward rates into an
expectations component and a term-premium component. Drawing on
their data for the same announcement dates, figure 8 plots the changes
in expected future short rates and in the term premiums.> As with
the previous figures, we show the results for both yields and forward
rates. Adrian, Crump, and Moench'’s estimates attribute almost all of
the impact of QE announcements to changes in term premiums and
almost none to changes in expected future short rates.

5. The Adrian-Crump-Moench model does not fit the Gurkaynak-Sack-Wright yields
exactly. Thus, the two parts of the Adrian-Crump-Moench curve do not perfectly sum
to the Gurkaynak-Sack-Wright curve.
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Figure 7. Changes in Yields and Forward Rates
Surrounding QE Announcement Dates
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Figure 8. Changes in Expected Future Short Rates and the
Term Premiums Surrounding QE Announcement Dates?
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a. EH refers to the expectations component and TP to the term-premium component. The decomposition into EH
and TP draws on data from Adrian, Crump, and Moench (2013).
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5. CoNcLusION

In this paper, we build a model to analyze the impact of forward
guidance on the yield curve. Our model recognizes that in recent
years, forward guidance pertains not only to the future path of short-
term interest rates, but also to the future size of the central bank’s
balance sheet.

We show that forward guidance on short-term interest rates is easy
to interpret because it works through the expectations hypothesis. If,
for example, the market expectation of the short rate three years from
now declines by 100 basis points, this is reflected directly in a 100 basis
points decline in the instantaneous forward rate three years from now.
However, when the central bank provides forward guidance on supply;,
the effects are more subtle. In particular, yields and forward rates are
affected at maturities much longer than the time by which supply
shocks are expected to die out. Moreover, while the effects of either
type of forward guidance on the yield and forward-rate curves can be
hump shaped, the humps associated with supply shocks typically occur
at maturities longer than those associated with short-rate shocks.

Using our model, we reexamine the empirical evidence on QE
announcements in the United States. We show that the cumulative
effect of all expansionary announcements up to 2013 was hump shaped
with a maximum effect at the ten-year maturity for the yield curve
and the seven-year maturity for the forward-rate curve. This evidence
is hard to square with changing expectations about short rates, as the
maximum change would have to concern short rates seven years into
the future. On the other hand, the evidence is more consistent with
changing expectations about supply, as the maximum change would
have to be only one year into the future.
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APPENDIX

Proofs of Theoretical Results
A.1 Proof of Lemma 1

Using equation (13), we can write equation (5) as

dw, = (Wr +j O (u - ;;)dr)dt—UOTx;”Ar(r)dr)crdBm

—U xPA (T)dr)c dB —UTx“)A (r)dt)c dB

0 t T T Tt 0 t B B Bt
T @

_ UO x,” A B(r)dt)csﬁalB B

and equation (6) as

2 2
H{lacos)

max [I x“)(u“)
lx(T);
Yt J1e(0,7T)

(A1)

agf Uo e (r)drj _%ﬁ(jo (”Aﬁ(r)drf —g(jo A (T)dT) }

Point-wise maximization of equation (A.1) yields equation (15).

A.2 Proof of Theorem 1

Substituting x,® from equations (7) and (17) into equation (16),

we find

by, = ac? [, [+ 0P, J4,(Dd.

(A.2)

Substituting w,®® and A, from equations (14) and (A.2) into
equation (15), we find an afflne equation in (r, T, B, Bt) Identifying

terms in r, yields

KA (M+A (1)-1=0,

(A.3)
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identifying terms in 1, yields

-k, A (D) +Kk.A(1)+ A (1) =0, (A4)
identifying terms in B, yields

KBAﬁ(‘E) + A'[3 ()= aGfA r(T)IOTA L(DB(1)dt

+actA (9] A (D80T + actA (7) (A5)
[ 4,00(dx + act A ([ A6,

identifying terms in [_3t yields

—ic, A, (1) + 15 Ag (1) + A5 (1) = 0, (A.6)

and identifying constant terms yields

2 2

C'(x) - kA (3) + %314,@)2 " %A,(r)2 " %AB(TV " %AE (2)?
= 407 A, (0] A, (VL(Ddr + act4, ()| A (D (A7)

+act 4,0 A, (ML dT+ act A0 | A (L.

The ordinary differential equations (ODES) (A.3) through (A.7) must be
solved with the initial conditions A (0) = A_(0) = AB(O) = AB(O) =C(0)=0.
The solution to equation (A.3) with the initial condition A (0) = 0 is
equation (18). The solution to equation (A.4) with the initial condition
A.(0) = 0 is equation (19). The solution to equation (A.6) with the initial
condition Ag(0) = Ois equation (21). To solve equation (A.5), we write it as
Ky A (D) + A (1) = ac’T A (1) +ac I A_(1) (A.8)

ror r

+acy I, A (1) + acs I A (v),

using equations (25), (26), (28), and (29). Differentiating with respect
to <, we find

K Ay (D) + A (1) = ac’T A, (1) +ac’l A (1) (A.9)
+ otcsgfﬁA'ﬁ (t)+ acs%[B A'B (7).
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Multiplying equation (A.8) by Kg» adding to equation (A.9), and
using equations (18), (19), and (A.6), we find

(KBKﬁ - KﬁacsélB - KﬁacsglB )AB(’C) + (K5 + K — acy I,) A (1) + A7 (1)

K: K —Ky _
=ac’l | L+ L (A.10)
K, K,
9 KE K, _K[} KT Kr(KE_Kf) —K_T
+ac | —+ e "+ e |
K. K, —K, K. (k. —K,)

Equation (A.10) is a second-order linear ODE with constant
coefficients. Its solution has the form

A()=Te " +T,e ™ + A (v), (A.11)

where (y,, y,)are the solutions of the quadratic equation (27), and
A (1) is one solution to equation (A.10). We look for A (1) of the form

A()=Z +Ze " +Ze 7.

Substituting into equation (A.10), we find that (Z,, Z,, Z;) are
given by equations (22) through (24), respectively. To determine (I',,T",)
we use the initial conditions. The initial condition AB(O) =0 implies

N+, +Z, +Z,+Z, =0. (A.12)

The initial condition A',(0) = 0, which follows from equation (A.5)
and A (0) = AB(O) = AB(O) , implies

Y.+ v.l,+x,.Z, +x.Z, =0. (A.13)

Solving the linear system of equations (A.12) and (A.13) yields

. = yZZl +(Y2 _Kr)ZZ +(Y2 _KF)ZB
1 )

Yi— Y2

(A.14)

_ N4+ (k)2 + (1, —K5)Z (A.15)
Y1 7Ye
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Substituting (I',,T",) from equations (A.14) and (A.15) into equation

(A.11), we find equation (20).
The solution to equation (A.7) is

C() =2, [ A,()dv' + Z, [ A ()dx
+Z, j;AB(T')dT’ + ZBrAf(t')dt’ (A.16)

% ["A (vydr - A ()Y - L[ A () dr - [ A (e)dr,
9 Jo

where
T
Z, =ac}[ A,(DC@dx,
T
Z, =x,7 +ac} [ A, (),
_ 2"
Z, = acy [ A (DC(D)dx,

— 2 (7T d
Zs = GGEJ.O Az (DE(Ddr.

For a = 0, the solutions of equation (27) are (y,, yz) (KB Ko ) and
the solution to the system of equations (28) and (29) is (Iﬁ | ) (0,0).
The existence of a solution to equations (28) and (29) for a close to
zero follows from the implicit function theorem.

A.3 Proof of Proposition 1
Consider first the unit shock to r,. Taking expectations in equation (3),

we find that the change A E(r,, .) in the expected short rate at time
t + < follows the dynamics

t+t

d[AE,(r,. )] = —x,A E,(r, )dx.

t+1

With the initial condition A E(r,) = 1, these dynamics integrate to
E (., )=e"" =A(v),

where the second step in the first equation follows from equation (18).
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Consider next the unit shock to T, . Taking expectations in equations
(3) and (4), we find that the change A E(r, , ) in the expected short rate
and A E(T, , ) in the target short rate at time t + T follow the dynamics
)ldr,

dIAE, (1.0 = %, [AE,(7,) - A, B,

+T +1

dIAE, (7

+T

1= _KFAFEt (7t

+T

)dr.

With the initial condition (A.E(r,), A.E(T,)) = (0,1), these dynamics
integrate to

—-K T —K_T
r

AE () =%, = A, (v),

AEF)=e™,

where the second step in the first equation follows from equation (19).
We next show a useful lemma.
Lemma A.1l. If a function f(t) is positive and increasing, then

I()Tf(r)e(r)dr >0 ’
Proof. We can write the integral IO f(1)0(1)dr as

Ion(r)G(r)dr = [ red+ I;f(r)e(r)dr
> f(<") jje(r)dr + f(t*)j;(%(r)dt

= f(t)) IOTG(t)dT >0,

where the second step follows from part (ii) of assumption 1 and
because f(t) is increasing, and the last step follows from part (i) of
assumption 1 and because f(t) is positive.

A.4 Proof of Proposition 2

The effect of an increase in r, on the term structure of spot rates is
described by the function Ar<T), and the effect on the term structure of

T
instantaneous forward rates by the function A'(t). We will show that
these functions have the following properties:

A,( > 0and A'(x) > 0 for > 0;
T
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A (1)

=1land A\(r) > 0 for t > 0;

lim‘t—>0

A ()

limese———=0and lim.0 A (1) =0;
T

A,_(r) and A'(t) are decreasing in t.
T

Equation (18) implies that the function A (t) is positive and

A (1 ' i
rT( ) and A (t) are positive,
which means that an increase in r, shifts the term structure upward.

increasing. Therefore, the functions

Moreover, both 4:(Y _1-¢ " angd 4 (x)= ¢ are equal to one for
T K,T
T =0 and to zero for T — oo. Finally, A(r) is decreasing in , and the

same is true for 4:(%) pecause for a general function g(t)
T

d g _w@-g _ |7 (A17)
dt = 2 2

The effect of an increase in T, on the term structure of spot rates
is described by the function A:(Y) and that on the term structure of

T
instantaneous forward rates by the function A" (t). We will show that
these functions have the following properties:

A () and A’ () for t> 0;
T

A* 2
limrﬁo& =(0and A7 (0) =0;
T
A7 ’
lim o 22— and Tim. 04, (0) = 0;
T

A:() and A’_(7) are hump shaped in <.
T

Since the function A (7) is positive, equation (19) implies that the
function A, (1) is also positive. Moreover, A_(1) is increasing because
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A (1) =x, (A, (1) - x. j;A,(r')e’“f“*“dr'j
> A (1) (1 - jote‘%“‘”dr'] (A.18)
=k, A (e T >0,

where the first step follows by differentiating equation (19) and
the second because A (r) is increasing. Since A, (1) is positive and
increasing, the functions A_(t) and A’.(x) are positive, which means
that an increase in T, shifts the term structure upward. Since

A.(0) = 0, equation (19) implies that A () s equal to zero for
T

© =0, and equation (A.18) implies the same property for A" (t). Since

A (t) converges to the finite limit Lfort— o, equation (19) implies

K
that ﬂ converges to zero for T — o, and equation (A.18) implies
T
the same property for A’ (x).
To show that A(0 and A'_(t) are hump shaped, it suffices to show

T
this property for A’ (7). Indeed, equation (A.17) would then imply that

ﬂ can either be increasing or increasing and then decreasing, and

; A ()

the first pattern is ruled out because is equal to zero for both

T

T = 0 and t — «. Differentiating equation (A.18), we find
A1) =x, (A’, () - K, A (1) + K> L‘Ar(r»e‘“f“‘”dr'j. (A.19)

The term in brackets has the same sign as
Ho (1) =[ 4, ()= kA, () ] +12 [ A, ()" dr.

The function H(7)is equal to A’ (0) = 1 for t =0, and its derivative is
H.(t) = A'(1)e' ™ <0.

Therefore, H_(7) is either positive or positive and then negative.
This means that A’ (7) is either increasing or increasing and then

decreasing. The first pattern is ruled out because A’ (1) is equal to
zero for botht=0and 1 > .
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A.5 Proof of Proposition 3

Consider first the unit shock to B,. Using the definition (30) of
URP(t), we can write equation (A.5) as

Ky Ay (1) + A (1) = URP(x). (A.20)

Integrating equation (A.20) with the initial condition Aﬁ(r) =0
we find

B(r r)

A1) = j URP(7')e dv’ (A.21)

= _[OURP(r — e P dr (A.22)

Taking expectations in equation (8), we find that the change
ABEt(BtH) in the expected future supply factor at time t + < follows
the dynamics

dIAE, (B, )] = —x,AE, (B, )d.

With the initial condition Ay E.(B,) =1, these dynamics integrate to

T

NE B, )=e P (A.23)

Using equation (A.23), we can write equation (A.22) as equation
(31). B

Consider next the unit shock to ;. Taking expectations in equations
(8) and (9), we find that the changes A;E,(B ., ) in the expected future
supply factor and A; Et(Btﬂ) in the expected future target supply
follow the dynamics

d[ABEt (Bt+’f )] = K[} [ABEt (Bt+’f) - AEEI (BHI)]dTy
d[AE, B,.)]= K50 E, B,,.)d.
With the initial condition (A, sEdB . A5 Et([at)) (0,1), these dynamics
integrate to
e P _eg P

E®B,..)=x——, (A.24)

B i

AE B )=e
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Substituting equation (A.21) into equation (21), we find

—x=(1-1')

A=, IOT(j:URP(T")e’“ﬁ“"”dr")e A (A.25)

T T -k, (T-1") —xz(1-T)
:KBJ.O(J.”e P dr’)URP(t")dt”

T

—Ky(t—1") Kz (1-1)
K ’ e b —€ b '
= [ URP()x, dr
0 Kz — K
P "
Kot KT
K ' e b —€ b '
= [ URP(x )k, =————adx".
0 Kz — K
P "

Using equation (A.24), we can write equation (A.25) as equation
(32).

A.6 Proof of Proposition 4

The effect of an increase in B, on the term structure of spot rates

is described by the function 4,(1) and that on the term structure of

T
instantaneous forward rates by the function A'B(r). For Op= 0, equation
(A.8) becomes

KA, (1) + Ap (1) = aGfIrAr(t) + aci[FA?(r) + acéIBAﬁ(t),

and integrates to

—fcﬁ (1)

A@=ac’L[Ae " dr +aclL [ A (e v, (A.26)
where &, =k, —ac; 1.

4,0
T

We will show that the functions

and A'ﬁ(‘c) have the following
properties:

4O > 0and A®) > 0 for > 0;
T

Ay (1)

im0

=0and A'IS(O) =0;
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A, (7)

For &, >0, lim.,,——— = 0 and lim. o Ay(t) = 0;
T

For &, >0, 4 and A’ (t)are hump shaped in <. For &, >0, 4 and
T T
Aj(r)are increasing in .
Since the functions A (t) and A (t) are positive and increasing,
lemma1implies that (1, I,) are positive. Hence, equation (A.26) implies

that the function A (7) is positive. To show that Aﬁ(t) is increasing, we
differentiate equation (A.26):

A,(0) = a’l, (A,o) ~ &y f;A,<r'>e’*B“"“dr'j (A.27)

+ac’l, (Af(t) —&, J.;AF(T')e*kmr—r') dl_,).

IffcB <0,then equation (A.27) and the positivity of (A (t), A,(t)) imply
that A(1) is positive. If Kk, >0, then the same conclusion follows by
proceedlng as in the proof of the result in proposition 2 that A.(t) is

increasing. Since A (‘E) is positive and increasing, the functions 238/ 4,(1)

and Aj(r)are positive, which means that an increase in f, shifts the
term structure upward. Since (A,(0), A(0)) = 0, equation (A.26) implies
that 4,(1) is equal to zero for T = 0, and equation (A.27) implies the
same property for Ay(t). Since A (t), A (t) converge to the finite limit

[L’L)(orr — oo, equation (19) implies that when « K, >0, Aﬁ(r) converges

Kr K?

to a finite limit for t — o. Therefore, when fc >0 Aﬁ(r)

zero for T — oo, and equation (A.18) |mpI|es the same property for Ay(7).
We next study the monotonicity of “3\" and A’ o(0)- leferentlatlng

equation (A.27), we find

converges to

A (1) = ac?l, (A’,(r) kA, (0 +i2[ A (r')e’*ﬁ“’”dr'j (A.28)
+ac?l. (A’F(t) kA O+ R A e P e )
Iff< < 0, then equation (A.28) and the positivity of (A (), A.(t)) imply

that A”(r)ls positive. Therefore, Ay(t)is increasing, and equation (A.17)

implies that 4@ is increasing. IfKB >0, then we will show that Aj(t)
T
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is positive and then negative, and hence Aj(t) is hump shaped. The

Ay (1)

T
is equal to zero for botht=0and t — .

hump-shape of
that (¥
T

will follow by using equation (A.17) and noting

The right-hand side of equation (A.28) has the same sign as
Hy(0) = ol {[A, (-, 0 ] 4 &[4, (e dv
+ac>l, {[A'; () - fcﬁA;(t)JeﬁBT +i5 J'(:AF(T')eﬁBT'dr'}

The function H,() is equal to ac’I A (0)=ac’I, >0fort=0.Its
derivative is

H,(x) = acst, A @V 1 ac’l A (v)e ™.

2 -
= acfz A”( )+ ;Ir K, H, (Ve " }e“ﬁ‘
o1

rer

" I T o k=1 ' —K=T KpT
=ao'fI A (t )+ 2 ZI Kr(1+.r0Ar(’E’)e ™ dt )e r }eﬁ

B 21 N
- T (k=-Kk )T —k=T | KgT
=ac’l |-« " +—LL (I—Kr_foe rtr dr')e r }eﬁ
r

L S Ir
B (k=—x_)T
2 K. le ™ " —1) .
G,I, r( (k. —K=) (Kp—%. )T
=ac’lx, |-1+ ;Ir 1- e r T e P
cSr r KF_Kr

. K, (1-e"r"
ozl (k. —K=)T r - (kp—% )T
2 rr B r
=ac,lx, |-1+—L e 7T ———~ e
o, 1 K. —K,

The term in square brackets is an affine function of ¢ " and
can hence change sign at most once. Since A'(t) is decreasing and
A’ (t) is hump shaped, H'ﬁ(r) is negative for large t. Since it can change
sign at most once, it is either negative or positive and then negative.
Therefore, H,(7) is either decreasing or increasing and then decreasing.
Since Hﬁ(r) is positive for t =0, itis either positive or positive and then
negative. The first pattern is ruled out because when i, >0, A, o(0) is
equal to zero for botht=0and t — «.
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The effect of an increase in B, on the term structure of spot rates

Aﬁ (1)

is described by the function and that on the term structure of

T
instantaneous forward rates by the function A’B (1). We will show that
these functions have the following properties:

AE(T)

T

A (7) ,
lime«so ‘*T =0and A;();

>0 and A’B(r)> 0 fort>0;

A AE(T) ,
For «, >0, limHmT =0and limeo 45 (1) = 0;
For &, >0, Ay (1) and A; (t)are hump shaped in t. For &, >0, ABT(T) and
T

Az (v)are increasing in t.
The above properties can be derived from those of AB(r) in the same
way that the properties of A:() and A'B (z) are derived from those of
T

A, (v) in the proof of proposition 2. In particular, because Aﬁ(r) is positive,
increasing, equal to zero for T = 0, and converging to a finite limit for
AB(T)
T A
equal to zero for v = 0, and converging to zero for T — o when i«; > 0.

The function A'[; (1) has the same sign as

T — 0 when «; >0, we can show that and A’B(r) are positive,

Hﬁ(‘t) = [A'ﬁ (v)- KEAB (r)]eKET + K%jOTAﬁ (e ® dr'.
The function Hy(v) is equal to Ay0) =0 fort=0,and its derivative is
Hi(1)= A} (e

When &, <0, A} (1) is positive. Therefore, A3 (1) is also positive and
the functions 459 and A; (1) are increasing. When &, >0, Al (v) is

positive and therT1 negative. Therefore, Hy(1) is increasing and then
decreasing. Since HB(r) is equal to zero for T = 0, it is either positive or
positive and then negative. The first pattern is ruled out whenk, >0
because A’E(r) is equal to zero for botht =0 and t — .

The final step in the proof is to show that k, is a monotone function
of k. This will ensure that «k, >0 corresponds to larger values of Kg

B
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than k; < 0 does. Since the function Aﬁ(r) is positive and increasing,
lemma 1 implies that I is positive. Since the function

A A 2
G(ky) =x; —x, +ac,l;

is positive for i, > Kq, any solution Kk, to G (kp) = 0 satisfies &, < K
Moreover, at the largest solution, which corresponds to our equilibrium
selection, the function G (k;) crosses the x axis from below. Since G (i)
is decreasing in g, the largest solution is increasing in K-

A.7 Proof of Proposition 5

The humps on the instantaneous-forward-rate term structure
associated with shocks to T, and p, are located at the solutions to

H,()=1+[ A ()e"" dt' =0 (A.29)
Hy(v) = .fOTA'[; ('c')eKET(dr’ =0 (A.30)
respectively. We denote these solutions by (‘EF,’EE). Since

A (1) = Hy(ve ™

= {acflr + .fot[acsflr A (t)e s ac>I A’ (t)e ™ Jdt'}eﬂ%BT

we can write equation (A.30) as

J.(:A'é(r')ekﬁrrdr’ =0 (A.31)

<:>J.Or {acf[r

v 2 "e n '%BI” 2 "o o '%[3‘[” " 7'%[3‘[’ KBT’ "
+.f0 [acsrlr A(t"e P +acil. A (1")e ]dr }e e ?dt'=0

N N 2
¢ (kz-Rp)T' tf pr (kg—Rp)T " czl. Rpt”
et Vdv+[ (e T dr)| A+ LA (") e di"=0
0 0 T ol I
.

2
r

5 dt' =0.

. 2 - (KB—KB)HKBT' B KET’
o1+ [A’; () + "f? Al (r')] ¢ ¢

(KE—ch)‘r

A sufficient condition for t; > 17 is that

e(KE—fcﬁ)rFH&Br' . eKEt' o
<e”™ for O<t <7, (A.32)
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This is because

H.(t)=1+[7 A ()7 dr' =0 (A.33)
(Kz—Kp )T +K T K=T'
- BT _ B
=1+ TAL (1) S — ¢ >0
0 0 15 Rp) T _1
(k5 —Rp )T +K T KT
T= ” gI* " popTTR - g
=14 [T A @)+ LA ()| >0
’ r e P VT 1
= H,(x,)>0

where the second step follows from equation (A.32) and A’ (") < 0, and
the third step follows because A’ (t') > 0 for t' < 1. Since H(t) has the
same sign of A;(t), and the latter is positive if and only if T < Ty (A.33)
implies that t, <t;.

Equation (A.32) is equivalent to

(K——ﬁB)IFKf(B—KF)T' (K——KF)-C'

B i

h(r’)ze <1 for O<7t'<7, "

(KE —Rg )T

e -1

The function h(z') is equal to one for ' = 0 and to zero for ' = ;.
Its derivative is

(K——QB)IFH&B—KF)r' (k= —k=)T'

Ry —xz)e P - (k5 - K7 )e P

Rt = (%

)T
e P P71
and has the same sign as

“ (kz—Rp N1 —1")
(KB—K;)e R _(KE_KF)

h (1) = A

KB - KB

If x, <, then k; > .. The function h,(7') is negative, as can be
seen by writing it as

(KE—QB)(IF—r')

[ COC S LI —

KE_KB
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Suppose next that k; < «.. Ifk; < x, then h, (') is negative because
of the previous argument. If K, > K, then h, () is negative, as can be
seen by writing it as

(kz—Rp N1 —1")

S i P

h, (1) = "

Kﬁ _KE

Since h,(t') is negative, h(t)) <1 for 0 <1’ <7, and hence equation
(A.32) is satisfied.

A.8 Proof of Proposition 6

Equatlon (19) implies that the function A (1) decays at rate
T for large T Equations (20) and (21) imply that the function

A(v) decays at rate e RS for Jarge . Therefore, the effect of

Bt shocks on the instantaneous-forward-rate term structure decays
with maturity at a slower rate than the effect of ¥, shocks if

min{y,,y,} < min{x,,x.} (A.34)
and at a strictly slower rate if (A.34) is strict. For o5 = 0, (27) implies

that (v, v,) = (kg K3). The proposition follows from this observation,
equation (A.34), and 1‘<B< K
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